ELEN E3401: Electromagnetics
Spring 2025

Prof. Keren Bergman

Lecture #6

COLUMBIA ENGINEERING

The Fu Foundation School of Engineering and Applied Science




Lossless Transmission Line

Consider lossless line, y = jp

Examine these wave solutions of
wave equations:
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Solutions have +z and -z wave components
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Standing Waves

V(z) = V0+ (e —jﬁZ+[‘ejﬁZ)

Compute |V (z)| = the magnitude of V(2)

V(2)| = |[V(2)V(2)*| /2
V()| = {[Vo* (e~ /7 +|T|e/0re/57) | x [(Vo*)*(e/F7+|T e~ 0re=IB%)]}?
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Standing Waves
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Express I/ as function of (d) instead of (z) z = -d

V| =

Vo™ I[1 + |T|? + 2|T|cos(2Bd — 6,)]*/2

We also obtain similar equations for |/(d)]|
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O
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Standing Waves

|V(d)| and |f (d)| are standing waves

—> result of interference of two travelling waves components

Maximum value of standing wave occurs when incident and
reflection components are in-phase:

V()| = Vo [[1+ |T|? + 2|T|cos(28d — 6,)]*/?
|V (d)| max occurs when: (26d — 6, = 2nmn)

Consider example: |V, "| =1V, Z,=50 Q, T = 0.3¢/3°°
IT|=0.3, 0=30°

V| max = (1 + |FD|VO+| = 1.3V



Standing Waves

Minimum value of |V (d)| occurs when two waves, incident and
reflective interfere destructively — opposite phase:

|V| 1min occurs when: (28d — 6, = (2n + 1)n)

“7| min — (1 - |F|)|VO+| = 0.7V

Note: spatial (1) of standing wave = A/2

|V (d)| and |I(d)| are opposite phase:

[V (d)

11(d)

= |Vo"|[1 + |T|? + 2|T|cos(2Bd — 6,)]*/?

V +
_| ; | [1 + |T|2 = 2|T|cos(28d — 6,)]/2
0
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Standing Waves

Voltage V)|
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Example of |V (d)| and |I(d)|
shown for transmission line with:

Vo*|=1V, |T|=0.3,
Z,=50Q, 0.=30°

Z,=50Q T =03e/3

“7' max — (1+ |F|)|VO+| = 1.3V

V| min = (1 = |F|)|VO+| = 0.7V

S = |Vmax| _ 1.3
IVminl 0.7




Voltage Standing Waves

Standing wave with maxima 2 |V, |
V()| = Vo™ I[1+ 1]

2Bd 0 — 0 = 210

0,+2nt 6,14 A 21
Amax 28 ar 2 F=7
n=12..if6, <0,

_ —-n<6,<m
n=0,12..if6,20.

If6,>0 - then first voltage maximum, at n = 0 occurs at:

W)

dmax — 47_[

If 8, <0 - then first voltage maximum, at n = 1 occurs at:

0,1 A
dmax =% *3



Voltage Standing Waves

V| min = Will occur when cos argument = (2n+1) 7
Ivl min — |VO+|(1 —[T[)
when 20din — 6, = 2n+ 11

.. yl
—m <0, <m -2 then first minimum occurs at n = 0, or " from dy,qx
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Voltage Standing Wave Ratio

P lmax _ 14T
|V|min 1- |F|
VSWR or SWR

This 1s a measure of load mismatch versus matched load.
Matched load: '=0 =2 S =1

For =1 2 S=



Reflection Coefficient: ' = |['|e/%r

Load IT|

Zy @ZO (Matched Load) 0 (no reflection)
2 | (short) 1

—0

Zy (open) ]

)

2y é jX = joL |
(Inductive Load)

Tl o) :

J

(Capacmve Load)

6,

irrelevant

+180° (phase opposition)

0 (in-phase)

+180° — 2 tan™!

4+180° + 2 tan~ !

X

X
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Voltage Standing Waves

17d)
Matched line
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Open-circuited line

2|V
d
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(¢c) Z; = oo (open circuit)

1. Matched line Z; =Z,, |I'|=0
V(d)|=|V,"| foralld

2. Short circuit Z; =0, [I'=1, ' =-1

3. Open circuit Z; =, [=1,T'=1
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Reflection Coefficient I' = |T'|e/®r

Z, R+jX

- — oy + /
Load - general 3, Zs Z, r+jx
, . o [0
£ Z = (T' +]x)ZO _ (7,. + 1)2+X2
R X
_ _ _ -1 _ -1
r= Ze X Ze of 7, 0, = tan (r — 1) tan (

Real Imaginary




Example: purely reactive load

: Show |I'| = 1 for lossless line connected to a purely reactive load

Vo Z, —Z7 X, — 7
7, =X, = 0+= L 0=]. L 0
VO ZL+ZO ]XL+ZO

—(Zo — jX1) —\/Zo2 + X, e 0

Zo % \/zf + X, %ei®

X
Note: 8 = tan"l(Z—L)
0

[ = —e /29
Note: |z| = Vzz*
+
| T | — \/e—jzeejze

[Tl=1
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